
  

  

Abstract— The quasi-static gait is a common walking strategy 

for legged robots. It can make the legged robots adapt to many 

structured terrains. Many researchers focus on the quasi-static 

gait for Quadruped Robots which show great efficiency and 

simplicity. But when applied to biped robots, the stability 

analysis and the gait planning are still two challenging issues. 

This paper focuses on the quasi-static gait for biped walking. A 

novel gait with the sinusoidal movement of the center of gravity 

is proposed to achieve smooth and fast quasi-static walking. 

Based on the relationship of ZMP and COG, we proposed a 

stability criterion for quasi-static walking and a method that 

adjusts the parameters of the walking pattern to achieve fast 

walking. The proposed method is validated by simulation 

analysis in VREP software.  The results show that biped robots 

can have well-performed on flat ground. 

I. INTRODUCTION 

Recently, legged robots have attracted extensive attention 
in the field of mobile robots due to their remarkable 
adaptability to complex terrains, compared to wheeled and 
track-based robots.  Among several common kinds of legged 
robots, such as biped robots, quadruped robots, and hexapod 
robots, the biped robots show wide application potentials and 
research interests because of their ability to easily adapt to the 
environment designed for human beings. However, it is 
difficult to control biped robots keeping balance, especially in 
complex working scenarios. 

To achieve stable walking for biped robots, the efforts can 
be made from the following aspects, such as gait planning, 
balance control, topographic planning, structural design, 
dynamic modeling, etc. Among them, gait planning is an 
effective strategy. While maintaining the stability of the robot 
is the key requirement for gait planning. 

Usually, the gait using the zero moment point (ZMP) 
method is quasi-static gait. A biped robot is statically stable if 
the vertical projection of the ZMP point of the robot is within 
the support polygon. We can achieve stable biped walking by 
planning the trajectory of the Center of gravity (COG). Many 
researchers use the ZMP and COG to judge the walking 
stability [1]-[4]. For quasi-static gaits, the COG, ZMP, or 
center of pressure (COP) are common analysis methods 
[5]-[6]. These methods use a complex algorithm to achieve 
stability, as a matter of fact, we can also use a simple way to 
calculate the difference between COG and ZMP and get a 
novel simple gait. 
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Besides stability, walking speed is also widely studied. 
Researchers often change walking speeding by changing the 
gait features such as gait period and step length. Changing the 
speed with a high frequency may incur some instability, 
Gatesy pays attention to several species’ walking patterns, 
observes their stride frequency, stride length, duty factor, 
limb excursion and proposes a controller to adapt to changing 
speed[7]. Compared with Gatesy’s multi-gaits method, 
walking speed transition can be achieved by changing the 
parameters of our gait. Hu Y designs a controller based on the 
feedback for the case of walking in complex environments, a 
scheme is developed by adjusting the walking parameters 
such as stride and walking speed [8]. To ensure stable 
walking, optimization algorithms have been used to find 
suitable parameters. M. Wang uses the genetic algorithm (GA) 
which is carried out considering the stability and speed to 
optimize the walking gait parameters in [9]. GA can also 
optimize the path planning for biped walking and torque 
control architecture to improve biped control [10]. By 
combing the Fourier series formulation with coefficients 
tuning, GA can provide a way to adjust the stride-frequency, 
step-length, or walking pattern in real-time [11]. In this paper, 
speed transition can be achieved by parameters adjustment. 
And a simple but useful strategy is proposed to achieve speed 
transition. 

In summary, the main contributions of the paper are as 
follows: 

(1) A novel gait with the sinusoidal movement of the 
center of gravity is proposed for biped robots to achieve 
smooth and fast quasi-static walking.  

(2) A stability criterion is derived to keep the zero 
moment point within the support polygon, which specifies the 
parameter range that ensures stable quasi-static walking. 

(3) Parameter optimization is investigated to maximize 
the walking speed and achieve smooth speed regulation, 
which is verified through several simulations run. 

The rest of the paper is organized as follows, Section Ⅱ 
introduces the main results, including the relationship 
between the ZMP point and the vertical projection of COG, a 
new optimizing method for gait planning, and an algorithm 
for the transition for walking speed. In Section III, the 
proposed method is validated on several selected tasks by 
simulation. The conclusion is given in Section Ⅳ. 

II. MAIN RESULTS 

A. Relationship between COG and ZMP 

ZMP is the common method to analyze the stability of quasi
-static walking.   For 2D plane walking, the moment of exter
nal force to the ZMP is zero. As for 3D walking, ZMP refers 
to the point which makes the horizontal moment zero. The 
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relationship between ZMP and COG is given by the following 
derivations. The resultant force of gravity and inertial force of 
robots are as follows. 

1

 = 

x in

y i i
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z i

F x

F m y

F z g
=

   
   

= −
   
   +   

F               (1) 

where  refers to the mass of i-th connecting rod, g refers to 
gravitational acceleration and  ,  ,  represents the 
3-dimensional accelerations of the ith connecting rod. 

The next step is to consider the definition of ZMP point, 
The resultant moment of F can be represented by (2).    
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Make the first two items of (2) to be zero, the ZMP is 

given by (3), where 
zmpx  and 

zmpy  respectively represent 

the x and y coordinate of the ZMP 

0
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Equation (4)represents the final results for the ZMP point.               

1 1

1

1 1

1

( )

( )

( )

( )

n n

i i i i i ii i
zmp n

i ii

n n

i i i i i ii i
zmp n

i ii

m z g x m x z
x

m z g

m z g y m y z
y

m z g

= =

=

= =

=

 + −
 =
 +


+ −
=

+

 



 



      (4) 

Assuming the height of the robot is constant, (4) can be 
simplified as (5)                          
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g


= −



 = −


                         (5) 

Denote x, y and z as the x, y, z position of the center of 
mass (COM) and z is a constant. 

In a uniform gravity field, COG equals to the COM. 
Equation (5) describes the relationship between COG and 
ZMP, some useful information can be extracted from it. First, 
when robots take a static motion whose acceleration is zero, 
COG equals to ZMP. Second, to keep the ZMP inside the 
support polygon which is the convex hull of the robot part in 
contact with the ground, we should make the motion 
amplitude of ZMP as small as possible. It is easy to find that 
by taking a smaller height constant z, the motion amplitude is 
reduced which implies the enhancement of stability. This is 

consistent with the engineering experience that the robot 
needs to lower its height to prevent falling. Third, when we 
plan the trajectory of the COG for quasi-static walking, we 
need to use (5) to calculate the ZMP position and make it 
inside the support polygon to achieve stability. 

B. Stability criterion for COG planning 

In our method, the sine curve is chosen for COG planning 
because of the differentiable and easy realization. Designing 
other curves such as the polynomial that satisfy the 
acceleration and velocity limit is difficult. The poor tracking 
effect also brings a challenge to designing. 

 
( )

( ) sin( )
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COG
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=


=
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Equation (6) represents the desired COG trajectory where 
a, b, and c are pending parameters that can be adjusted. 
Parameter a represents the forward velocity of robots, also 
called the velocity factor. Parameter b controls maximum 
lateral deflection, also called the lateral deflection factor. 
Parameter c is determined by the frequency, also called the 
frequency factor. We assume support polygon region 
boundary is as follows: 

 
min max

min max

X x X

Y y Y

 


 
                          (7) 

Equation (7) represents a typical constraint for support 

polygon. maxX , maxY represent the upper bound of support 

polygon, while minX , minY  represent the lower bound. They 

can be calculated by the position and size of a biped robot foot. 
The assumption is suitable because almost all biped feet can 
be seen as a rectangle when touching the ground. 

By using (5) we can calculate the ZMP position as  

2
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( ) (1 ) sin( )

COG

COG

x t at

zc
y t b ct

g

=



= +



            (8) 

By comparing (8) with (6), we can easily find that if the 
desired COG curve is a sine curve, the ZMP curve is also a 
sine curve that has the same frequency and phase. The 
difference is that the ZMP curve has a bigger amplitude, 
which can be seen in Fig. 1. The yellow areas represent the 
feet that are contacted with the ground. In a single support 
phase, only one area needs to be considered. It should be 
noted that the beginning positions of COG and ZMP are both 
the origin for the symmetry of biped robots and the two feet, 
one front and one back are foot drop sequences when walking. 
When biped robots walking, the center of the feet is often 
seen as origin, with the feet 90° phase lead or lag. The 

position of the foot relative to the center will be either  or 

. The red curve represents the trajectory of ZMP while 

the blue one represents the projection of COG. The star curve 
means the robot is in the double support stance phase which 
has two support legs and a much bigger support polygon than 
the single one. We can find out that the curves out of the 
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yellow areas are all star-type (double support stance) to 
ensure the stability of walking. The maximum bias between 

ZMP and COG is  which is also shown in Fig. 1.  

 

Fig. 1 The relationship between COG and ZMP for quasi-static walking. 

Areas in yellow represent the support polygons.  

For biped robots, it is easy for the robots to keep stable in 
the double support phase because of the larger support 
polygon. So the stability of walking is determined by the 
stability in the single support phase. That is to say, the stable 
criterion of biped robots is that the ZMP satisfies condition (7) 
in the single support phase. 

Let T represents the total time of the single support leg 
state in one period, s represents the y bias of the foot center in 
Fig. 1 and dx represents the stride. We also define a factor  
that represents the magnification between single support time 

and double support time  . The total period time is 

T(1+ ). 

So the double support stance lasts for  time, is close 
to 0. Using (7) and (8) we get the upper bound for the sine 
COG curve as follows.                    

 2

(1 )
2 2 4

(1 )
2

aT L dx

zc W
b s

g




+  +

 +  +


                         (9) 

The upper of (9) implies the upper constraint for stride. L 
represents the length of the foot and W represents the width. 
Biped robots take two steps in one period (one for the left leg 
and another for the right), so T/2 is used. For quasi-static 

walking, the stride can’t exceed the .The second 

inequation of (9) represents the upper limit of the amplitude 
of sinecure. For a period walking, there exists another 
constraint between the frequency parameter c and T as (10) 
because the bias of y must return to 0 after a one- period 
walking.                                 

 (1 ) 2cT  + =                    (10) 

Equation (10) tells when choosing a fixed c parameter, the 
period time is also fixed.  

For the lower bound of the stability, we have:             

 2

2 4 2

W
(1 ) sin( )

2 2

aT dx L
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b s
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 −


 +  −


          (11) 

Based on (9) and (11), it is found that the ZMP position 
must be inside the support polygon in all the single support 
stance phases to keep balance. Fig. 1 also tells this 
information, all the curves without stars are in yellow areas to 
keep balance. 

Similar to (10), there is also a relationship among the 
velocity parameter a, period time T, and stride dx.                            

 (1 ) 2a T dx+ =                         (12) 

Substituting (10) and (12) into (9) and (11) we can rewrite 
the stability criterion:                 
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          (13) 

Compared with the first inequation, the third one of (13) 
can be ignored. This tells us when the frequency of walking is 
fixed, the velocity has an upper boundary but no lower 
boundary. The minimum value of parameter a is 0, which 
corresponds to the situation of standing still. When taking 
fixed , and .we can draw the constraints among the 
parameters as Fig. 2. When we plan the trajectory of COG, we 
need to consider the limit to keep stability. 

 

(a) Yellow area: the feasible range for a, c that ensures the quasi-walking is 

stable 
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(b) Green area: the feasible range of b, c, which ensures the quasi-walking is 

stable; Red line: the red centerline is applied in our controller to maximize the 

stability  

Fig. 2 The constraints among the parameters for stable walking. The 
sub-picture (a) shows the velocity-frequency (a-c) constraint range value and 

(b) is lateral deflection-frequency (b-c). Here we choose g=9.8, z=0.9, 

L=0.25 W=0.2, s=0.13 

Fig. 2(a) tells that to achieve high-speed walking, we need 
to set frequency parameter c as big as possible to increase the 
value range of velocity parameter a. Fig. 2(b) reminds us that 
if frequency parameter c is too big, the selection of b will be 
difficult for the reduced range when increasing c. 

To obtain a stable sinusoidal gait curve, how to design an 
appropriate parameter b is urgent.  There is a simple and 
efficient strategy which is the arithmetic mean of upper and 
lower bounds of feasible reason. Simulation has proved that 
the strategy is indeed effective.               

 
2 2

/ 4 / 2 / 2 / 4

(1 ) (1 ) sin( )
2

W s s W

z z c T

g g

b

c c


+ −
+

+ +

=          (14) 

 (14) tells us when frequency parameter c is set, we can set 
b in the middle of its feasible range to keep balance. The 
simulation will prove the effectiveness of this selection. 

C. Quasi-static gait planning 

Based on the stability criterion of COG planning given 
above, a novel quasi-static gait planning method is proposed. 
The planning process is as follows: 

First, we analyze the walking process. The biped walking 
process can be divided into four parts: 

(a) Move the COG to the right, lift the left leg and put the 
left leg onto the desired position. At this time, the left leg is 
the swing leg and the right leg plays the role of support leg, 
with the right foot touching the ground providing the support 
polygon.  

(b)Move the COG to the middle position. Ensure the ZMP 
point in the support polygon at the same time. When the left 
leg touched the ground, there exists a short time that both the 
legs play the support leg.  

(c)Move the COG to the left and lift the right leg, do 
symmetrically as mentioned above.  

(d)Double support legs state which lasts for a short time. 
The above process is shown in Fig. 3. The position of the 
COG projection is shown in Fig. 1. 

 

Fig. 3 The supporting leg transition during our biped walking 

In Fig. 3, S means the single support leg time while D 
means the double support legs time which is short but can’t be 
negligible. The red area means the leg is acting as the support 
leg while the green means the swing leg. We can see both the 
legs are touching the ground when in D state. It should be 
noted that we draw the double stance phase for this length 
only for illustrating the phase, not standing for lasting for 
such a long time.  

For faster walking, we need to optimize the parameters of 
the walking patterns. First, we analyze the speed relationship. 
Parameter a is determined by the stride and period time. We 
can accelerate walking by using a bigger step or smaller 
period times. We also need to choose the parameters that are 
satisfied with the (13) inequations.  

We can calculate the max speed for quasi-static walking:                              

 
max

dx
V a

dt
= =                                 (15) 

 (13) and (15) tell us that the higher frequency, the longer 
stride, the faster speed. (13) also tells the bias of the y-axis 
can be decreased with frequency parameter c increase. If the 
frequency of walking is large enough, b is small enough 
which can be seen as zero, then the biped robots can walk 
without lateral displacement. In fact, we can not choose c as 
large as possible due to the limit of motors and a also has an 
upper bound.  

We can always set velocity parameter a to zero when b 
and c are fixed, meaning the minimum speed is zero.  

D. Speed transition 

In many cases, it is necessary to change the walking speed 
of robots. And the speed can be controlled by choosing 
different planning parameters. So, the transition of 
parameters to achieve speed control is discussed below. 

(15) tells that only velocity parameter a as a direct 
influence on the walking speed. To realize the smooth change 
of speed. We develop a controller to regulate parameter a.                   

 1 arg(1 )k k t eta a a + = + −                  (16) 

Here  is the accelerating factor between 0 and 1. By 
using (16), The transition of a is smooth and the biped robot 
will slowly change its speed to the target. 

However, the constraints (13) tells that the value of a can’t 
be set freely. If the target speed is too big, a biped robot can 
not have a stable walking at the target speed with the fixed 
-parameters b and c. We need to increase the frequency 
parameter c to expand the range of a. This operation will 
cause the feasible range of b reduced which can be seen in Fig. 
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2(b). To solve the problem, we propose the algorithm as Fig. 
4: 

 

Fig. 4 The algorithm for the speed transition 

We can achieve a smooth transition of speed by using the 
algorithm in Fig. 4. 

The stability of speed transition should also be considered 
because the distance from the drop point to the center would 
also change with the speed variations. Then we rewrite the 
stability criterion (9)(11)  as follows.              
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              (17) 

The difference between (17) and (13) is the parameters 
and stride are time varying. When the biped robot lifts its leg 
and prepares the next new step, the support leg is still in the 
previous configuration. This phenomenon is caused by the 
discrete control of the biped robots. We can use (17) to 
replace the (13) in Fig. 4 to improve the algorithm and solve 
the problem. 

III. SIMULATION RESULTS 

We use a simplified biped robot model in VREP to test the 
effectiveness of our method. Table I shows the robot 
parameters. Fig. 5 shows the front view and side view of the 
biped model.  

The biped robot in simulation has a body weight of 0.4kg 
without any arms or shoulders. Each leg has 6 degree of 
freedom which can provide the desired COG motion. 

The simulation parameters are introduced as TABLE I. 

TABLE I THE PARAMETERS OF THE BIPED MODEL 

Quantity VALUE Quantity VALUE 

Body width 0.1m Foot length 0.07m 

Height 0.3m Foot width 0.05m 

Joints number 12 Body width 0.1m 

Leg length  0.1m Mass(total) 0.6kg 

 

Fig. 5 The front view and right side view of our biped model 

A. The max walking speed simulation  

In our biped model, W=0.05m, L=0.07m, we set 
s=0.065m, z= 0.3m, g=9.8m/s2 =0.1. From (13), we can 
choose suitable parameters to get the target speed. As for the 
max walking speed, it is estimated by a large number (over 
500 times) of simulation experiments. The maximum speed is 
0.11 m/s when a = 0.1667, b=0.0297, and c = 2π.. 

The simulation result is as shown in Fig. 6, which depicts 
the front view and side view of the biped model walking at a 
certain speed. 

 

Fig. 6 The simulation when walking at a speed =0.11 m/s. The virtual circular 
point on the ground is the projection of COG. The star is the ZMP point we 

calculated which is also a virtual point. From the side view, the ZMP is 

obscured by the projection of COG 

The position of the COG projection can be seen in Fig. 7 
and the position and velocity of COG are shown in Fig. 8. 
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Fig. 7 The COG projection when walking at a speed of 0.11m/s 

 

(a)The x position of COG when walking at a speed of 0.11m/s 

 

(b) The x velocity of COG when walking at a speed of 0.11m/s 

Fig. 8 The x transition of COG projection with time. The sub-figure (a) 

shows the relationship between position and time while the sub-figure (b) 

shows the velocity and time 

As is shown in Fig. 7, approximately the COG projection 
is moving along a predetermined sinusoidal trajectory. The 
reason for the deviation from expectation is the error of the 
model. This effect will have a significant reduction when 
walking at low speed.  In fact, the mass of the body is 0.4 kg 
while the other parts weigh 0.2 kg in total which means the 
point-mass model is improper. The orientation of the body 
also has an influence on the track. Fig. 8(b) tells that the speed 
of the biped is about 0.11 m/s. The fluctuation of speed is 
caused by the disturbance and sensor error. It should be noted 
that lateral defection does not have an effect on the speed 
which is shown in (15). It only influences stability. To 
accelerate the biped, we can use larger c and a, but the larger c 
is, the smaller value range of b, which brings challenges to the 
selection of b and the robustness. Also, the maximum torque 
of the motor sets a boundary for a and c. Through many 
experiments, we find the 0.11 m/s is the fastest speed. 
Accelerating the biped further will cause instability. By 
comparison, Nao, a biped robot whose height is about 0.58m 

can only walk at a speed of 0.075 m/s in V-REP simulation. 
Asti and Marty in simulation can’t walk faster than ours, 
either. The walking speeds in simulation are as TABLE Ⅱ. 
From TABLE Ⅱ, we can calculate the speed height ratio, 
which can be an evaluation index for the speed performance. 
For our algorithm, the ratio is 0.37 which is bigger than the 
robots below.  

TABLE Ⅱ THE WALKING SPEED OF BIPED ROBOTS IN V-REP  

Robot Height Max speed 

Asti 1.2m 0.075m/s 

Marty 0.2m 0.01m/s 

Nao 0.45m 0.075m/s 

B. The speed transition simulation 

Two simulation tasks are used to display the effect of 
speed transition. One accelerating process from zero to 0.05 
m/s, One slowing process from 0.05 m/s to zero. The 
simulation results are shown in Fig.9 and Fig.10 respectively. 

 

(a)The x position of COG when accelerating from 0 to 0.05 m/s 

 

(b)The x velocity of COG when accelerating from 0 to 0.05 m/s 

Fig. 9 The x transition of COG projection with time when accelerating from 0 

to 0.05 m/s 

 

Fig. 10 The relationship between x position and y position of COG when 

accelerating from 0 to 0.05 m/s 
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In Fig. 9, we use   to update 

the speed. The speed of the biped robot increases evenly 
which can be seen from the shape of the curve in Fig. 9(a) 
which approximates the shape of a parabola. We can see the 
initial speed of the biped robot is zero for the zero slopes of 
the curve at origin. This information can also be confirmed 
through Fig. 10. At the beginning time, the biped robot stands 
still resulting in the coincident curves in the left part of Fig. 
10. Fig. 9(b) tells the final velocity is about 0.05 m/s after 
accelerating. 

For the deceleration case, it seems that we can do this by 
making the velocity parameter zero at once which is an easier 
and faster way to stop the biped robot. In fact, this strategy 
can not work well when the lateral deflection is big enough 
because it does not satisfy the third item of (17). Fig. 11 
shows the falling situation. 

 

Fig. 11 The time when the biped robot is falling. The circular point represents 

the projection of COG and the star stands for the ZMP. 

From Fig. 12, we can see when the robot is taking in-place 
walking with a speed of zero, the feet are not parallel to the 
body. 

To achieve a fast and stable stopping, we use  
 as the control strategy to reduce 

the slow deceleration time. 

 

(a) The x position of COG when decelerating from 0.05m/s to 0 

 

(b) The x velocity of COG when decelerating from 0.05m/s to 0 

Fig. 12 The x transition of COG when decelerating from 0 to 0.05 m/s 

Fig. 12 shows the x position of COG when the biped robot 
is stopping. Compared with Fig. 9, Fig. 12 shows that the 
stopping process is much faster than the accelerating process. 
It is because we use a smaller accelerating factor   =0.5. 

The x-y position of COG is shown in Fig. 13. 

 

Fig. 13 The x-y position of COG when decelerating from 0 to 0.05 m/s 

From the right part of Fig. 13, we can see the biped robot 
take an in-place walking finally which shows the forward 
speed is 0. 

IV. CONCLUSION 

In this paper, we discussed the relationship of ZMP and 
COG for biped robots and proposed the stability criterion for 
COG planning that ensures stable quasi-static walking. Then, 
we proposed a novel method for sine curve COG planning to 
achieve smooth and fast quasi-static walking. The simulation 
results validated the effectiveness of our methods. The biped 
robot can walk at least one third faster than the other biped 
robots in V-REP simulation.  

For further research, we will apply the proposed method 
to a real biped robot to possibly improve its walking speed as 
well as stability. 
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